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Abstract. We construct an increasing oj-sequence i(a„) of Turing degrees 
which forms an initial segment of the Turing degrees, and such that each a„+i 
is diagonally noncomputable relative to an- It follows that the DNR principle 
of reverse mathematics does not imply the existence of Turing incomparabile 
degrees. 


1. Introduction 

In [10], Kucera and Slaman solved a long-standing open problem by showing 
that no Scott set is “hourglass-shaped”: if 5 is a Scott set of reals and x e S is 
noncomputable then there is some y ^ S which is Turing incomparable with x. In 
other words, Turing incomparability holds in every w-model of the system WKLq 
(weak Konig’s lemma) — the system ensuring the existence of completions of Peano 
Arithmetic. This was improved by Conidis [6] to show that the statement holds 
in w-models of the weaker system WWKLo, the system which ensures the existence 
of a Martin-L6f random set. A prominent system below WWKLo is DNRq, the sys¬ 
tem which ensures the existence of a diagonally noncomputable function (DNC): 
a function f: to —>■ uj which disagrees with the Turing Jump function (for exam¬ 
ple J(e) = ifieie)) on the latter’s domain. These functions were introduced by 
Jockusch [8], who showed that their Turing degrees conicide with the degrees of 
fixed-point-free functions, those functions which escape the recursion (fixed-point) 
theorem. The two systems WWKLq and DNRq were hrst separated by Ambos-Spies 
et al. [1]. They used a tame version of the “bushy tree” forcing technique first used 
by Kumabe in his construction of a fixed-point-free minimal degree (see [11]). In 
this paper we extend this technique to show: 

Theorem 1 . 1 . There is an initial segment ai < 02 < 03 < • • • of the Turing 
degrees such that each a„+i is a DNC degree relative to an- 

Gorollary 1.2. The system DNRq does not imply Turing incomparability, in fact 
it does not imply the existence of a pair of Turing incomparable reals- 

We prove Theorem 1.1 in four steps. The third step (in Section 4) provides the 
construction, for each n < w, of an initial segment ai < • ■ • < a„ of the desired 
infinite sequence <(afe). The fourth and last step (in Section 5) shows how to string 
these constructions together and so prove Theorem 1.1. The first two steps serve as 
an introduction to the construction of Section 4. In Section 2 we recast Kumabe’s 
construction in the language of forcing that we subsequently use. In Section 3 we 

Cai was supported by NSF Grant DMS-1458061; Greenberg was supported by the Marsden 
Fund and a Rutherford Discovery Fellowship from the Royal Society of New Zealand, and by 
a Turing Research Fellowship “Mind, Mechanism and Mathematics” from the John Templeton 
Foundation. 


1 



2 


MINZHONG CAI, NOAM GREENBERG, AND MICHAEL MCINERNEY 


discuss the case n = 2 (the construction of a minimal DNC degree ai and a strong 
minimal cover 02 of ai which is DNC relative to ai). 

1.1. Quick-growing functions. Below we use trees (or tree systems) which are 
fairly “bushy” but associated with them we will have sets of “bad” strings which we 
want to avoid. In the first step we use infinite trees and for example declare every 
string which is not DNC to be bad. We then extend the bad set of strings when we 
force divergence or force a functional to be constant on a tree. We cannot simply 
remove the bad strings from the tree because the trees will be computable whereas 
the set of bad strings will be c.e. To ensure that most strings are not bad, and that 
the construction can proceed, we will require that the tree is h-bushy and that the 
bad set of strings is &-small above the stem of the tree, where h grows much more 
quickly than the order-function b. Here we discuss the notion of relative quickness 
that we will use. 

For an equivalence notion of rate of growth we close under relative elementary 
recursive functions. (We could use relative primitive recursive functions but this 
is not needed.) For any order function h one defines the class of order functions 
which are obtained from h using a list of rules such as substitution and bounded 
summation and multiplication. 

We are only concerned with rates of growth. If h grows sufficiently quickly then g 
is bounded by a function elementary in h if and only if it is dominated by an iterated 
composition of h with itself. In particular, the elementary recursive functions are 
those which are bounded by iterated exponentials. 

It will be convenient to consider functions that may be undefined on a finite 
initial segment of w. 

Definition 1.3. Let Q denote the collection of nondecreasing computable func¬ 
tions h: oj ^ [2,w) satisfying h{n) ^ 2” for all n. 

For h e Q let = h and for fc ^ I, = ho For two functions h 

and g in Q we say that h majorises g if h(n) ^ g(n) for all n (and write h ^ g). We 
say that h ^ g above m if h{n) ^ g{n) for all n ^ m. We say that h dominates g if 
g above some m (and write h g). 

We will use the fact that iterated exponentials of h are dominated by iterates 
of h. For example: 

Example 1.4. Let h e Q. Let g{n) = Omep n) h{rn). Then g For g ^ 

whereas > 2^ and ^ 2^^, and 2^** h^. 

Definition 1.5. Let h,g e Q. We say that h dominates the iterates of g uniformly, 
and write h » g, if there is a computable sequence (dfc) such that for all fc ^ 1, 
h > g^^^ on the interval {dk,oj). 

The relation » on Q is transitive. Indeed if h » g, h' h and g g' then 
h' » g'. Further, h » g^^'> for all k, and so for example h » 2®. 

The following density lemma will be used to keep extending conditions. 

Lemma 1.6. For all h,g G Q such that h » g there is some f & Q such that 
h» f » g. 

Proof. The idea is to gradually let / copy . If / is bounded by for a long 

time, then for a shorter time we can ensure that is bounded by \ 


so we 
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do this until the point where h starts to majorise ), and only then start 

copying 

Since q is nondecreasing and dominates the identity, each is nondecreasing 
and 

Let fc > 1, e ^ 0 and let / be a function. Suppose that / ^ on the interval 
[0, (e)] (actually the interval [0, (e)] will suffice). Then ^ on 

the interval [0, e]: by induction on j ^ fc we see that ^ on the interval 
[0,5(fc(fc-i))(e)]. 

Let (dk) witness that h » g. We may assume that (dfc) is nondecreasing. 

We define a computable sequence — 1 = oq ^ ai ^ • and then define / by 

letting / = g^^'> on the interval (afe_i,afc]. So the sequence (ak-i} witnesses that 
/ » g. But also / ^ on the interval [0,0^] for all fc > 1. So we let Ofc = 
H‘^(k+i)^)- This ensures that ^ g^^ ^ on [0, (i(fc+i) 2 ], which in turn shows 
that h ^ on the interval (dfc 2 ,d(fc+i )2 ]. Since f e Q, /(•") ^ if m ^ k, so 
the sequence ((ife 2 ) witnesses that h » f. □ 

1.2. Other notation and conventions. A string is a finite sequence of natural 

numbers, an element of If cr is a string then we let be the collection of 

strings which extend a, and [a]^ be the set of elements of Baire space uj‘^ which 
extend cr. If C is a set of strings then = IJcreC ^ UcrecM"^- 

We may assume that for any Turing functional L and for any string r, the 
domain of r(r) is downwards closed. Thus L determines a monotone computable 
map T 1-^ r(r) from strings to strings, which induces a partial computable function 
on Baire space: r(a;) = lj{r('^) ^ t < x}. 

We let lowercase Greek letters denote strings, lowercase Roman letters denote 
elements of Baire space, and uppercase Roman letters denote sets of strings and 
sometimes subsets of Baire space. 

1.3. Compactness, splittings and computability. 

Definition 1.7. A subset X of Baire space is computahly bounded if some com¬ 
putable function majorises every element of X. 

Every computably bounded and closed subset of Baire space is compact. 

The following is well-known. 

Lemma 1.8. Let X ui^ be n)* and computably bounded; let f: X ^ 2‘^ be a 
computable function. 

• If f is constant on X then this constant value is computable. 

• If f is 1-1 on X then for all x G X, x =t f{x). 

Proof. Suppose that / is constant on X; let f[X] = {y}. The fact that X is 
computably bounded implies that the set of a G 2^^^ such that X = f~^ [M^] is 
c.e.; this is the set of initial segments of y, so y is computable. 

Suppose that / is 1-1 on X. Let Y = /[AT]. Then F a II)* subset of 2“^ and / 
is a homeomorphism between X and Y. And f~^ is computable: the set of pairs 
(a,T) such that {a\^ nY f [[r]"^] is c.e. □ 

If A c and a; G we let X^ = {y : (x, y) G A}. 
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Lemma 1.9. Let X c be H]* and computably bounded. Let f ■. X ^ 2^ be 

computable and suppose that the collection of sets /[Xx] for x G domX are pairwise 
disjoint. Then for all {x, y) e X, x f{x, y). 

Proof. For r G let Xr = Ua;6[T]< The set of pairs (r, C) where C c 2“ is 
clopen and /[-^r] = C n f[X] is c.e. □ 

1.4. Forcing with closed sets. 

Definition 1.10. Let P be a notion of forcing. Suppose that with each condition 
p G P we associate a closed subset X^ of Baire space. We call this assignment 
acceptable if: 

(a) for all p G P, X^ is nonempty; 

(b) if q extends p then X"^ c XP; and 

(c) for every m, the set of conditions p G P such that XP c \a]^ for some 
string a of length m is dense in P. 

(Below we will consider finite powers of Baire space, but these are of course 

effectively isomorphic to Baire space.) 

Recall the Borel codes for Borel subsets of Baire space. These can be identified 
with propositional sentences in To be precise: 

• Every finite set of strings C is a Borel code; 

• If C is a Borel code then —'C is a Borel code; 

• If C is a countable set of Borel codes, then \/C and /\C are Borel codes. 
The semantics are obvious (a finite set of strings C defines the set [C*]^); if C is 

a Borel code then we let [CJ be the Borel subset of Baire space defined by C. 

Suppose that P is a notion of forcing equipped with an acceptable assignment of 
closed sets X^. We define the forcing relation p Ih C between conditions in P and 
Borel codes C. We start with strong forcing. 

Definition 1.11. Let C be a Borel code and let p G P. We say that p strongly 
forces C if X^ c \C\. We write p Ih* C. 

Now by recursion on Borel codes C we define forcing. 

• For a finite set of strings D, p Ih D if the collection of conditions which 
strongly force D is dense below p. 

• p Ih “'C' if no extension of p forces C. 

• P Ih A C T p Ih C for all C eC. 

• p Ih V ^ if of conditions which force some element of C is dense 

below p. 

The basic properties of forcing hold. 

Lemma 1.12. Let p G P and let C be a Borel code. 

(1) No condition forces both C and —'C. 

(2) The set of conditions which decide C is dense in P. 

(3) If q extends p and p Ih C then q Ih C. 

(4) If the set of conditions which force C is dense below p then p Ih C. 

Forcing equals truth. It will be convenient to consider directed subsets of P 
rather than filters; of course the upwards closure of a directed set is a filter, so we 
can always pass to filters without adding information. Genericity for directed sets 
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is defined using desne open sets: dense subsets of P which are closed downwards 
(closed under taking extensions). Note that the dense sets of conditions mentioned 
above are all open. 

Suppose that G c P is a directed set. If G meets all of the dense open sets of 
conditions guaranteed by (c) above, then is a singleton that we denote 

by {x^}. (This uses the completeness of Baire space; we do not need the sets 
to be compact.) 

In the rest of the paper, the statement “for all sufficiently generic G c P ...” 
means: there is a countable collection V of dense open subsets of P such that for 
every directed subset of P meeting all the sets mV, ... 

Lemma 1.13. Let G be a Borel code. //G c P is o sufficiently generic directed 
set then e [GJ if and only if p \\~ G for some p G G. 

Proof. First note that if p G G and p IF* G then x^ G [GJ. On the other hand, 
suppose that D is a finite set of strings, and suppose that x^ G [H]^: there is 
some T < x'^ such that t £ D. By assumption, there is some string ry of length |t| 
and some p G G such that c [ry]^. Then rj = t, and so p IF* D, which implies 
that p IF D. 

The rest of the argument follows the usual proof of the equivalence of forcing 
and truth for generic filters. □ 

Since every condition can be extended to a sufficiently generic directed set, we 
conclude: 

Corollary 1.14. Let p G P and let G be a Borel code. 

(1) p IF G if and only if for every sufficiently generic directed set G, i/p G G 
then x’^ G [GJ. 

(2) If [GJ c [G'J and p IF G then p IF G'. 

(3) If p IF* G then p IF G. 

In light of (2) we write p IF G ^ when ^ is a Borel subset of Baire space, 
rather than a code for such a set. 

1.5. Simplified iterated forcing. We give a not-completely-standard definition 
for restriction maps between notions of forcing. 

Definition 1.15. Let P and Q be partial orderings. A restriction map from Q 
to P is an order-preserving map i from Q to P such that for all q G Q, the image of 
Q(^ g) (the set of extensions of q) under i is dense below z(q). 

That is, for all ty G Q and p ^ i(q) there is some r ^ g in Q such that i(r) ^ p. 

Lemma 1.16. Let i: If—>■ ¥ he a restriction map. 

(1) If G (z Q is a directed set then i[G] c P zs o directed set. 

(2) //£) c p is dense and open then z“^[I?J fz Q is dense and open. 

Hence for any collection V of dense open subsets of P there is a collection S of 
dense open subsets of Q such that if G c Q is a directed set which meets every set 
in £, then z[GJ is a directed set which meets every set in V. In other words, if G is 
sufficiently generic then so is z[GJ. 

Suppose that P and Q have acceptable assignments of closed sets X^ z for 

p G P and z (a;“)^ for q G Q. Suppose that z: Q ^ P is a restriction map and 
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further that for all q G Q, 3 domy'^. Let G ci Q be sufficiently generic; we 

denote the generic pair of reals by Then . 

1.6. The plan. To prove Theorem 1.1, for each n < uj we define a notion of 
forcing P„ which adds an initial segment of the degrees of length n, each degree 
DNC relative to the one below it. We then show that there are restriction maps 
from each P„ to P„_i. This will allow us to obtain generic G„ c P„ which are 
coherent, from which we will obtain the desired w-sequence of degrees. 

2. A DNC MINIMAL DEGREE 

Khan (see [9]) showed that for any a; e 2“ there is a DNC^ function of minimal 
Turing degree. He presented an elaboration on the Kumabe-Lewis construction 
using the language of forcing in computability (rather than give an explicit con¬ 
struction). The extra complication is due to the fact that the set of strings which 
are not DNC^ is c.e. in x, rather than merely c.e. We have no access to this set 
when defining the computable trees. For this reason Khan needs to use trees with 
terminal elements (and the set of terminal elements is co-c.e. but not computable). 

In this section we present a proof of the original Kumabe-Lewis theorem using 
the language of forcing. We use c.e. sets of bad strings and trees with no terminal 
elements. 

2.1. Trees and forests. We follow [1, 7, 9] and use trees which are sets of strings 
rather than function trees (as in [5, 11]). We localise to basic clopen sets. 

Recall that for a string a, is the set of strings extending a. A tree above a is 
a nonempty subset of cr’* which is closed in under taking initial segments. If A 
is a finite prefix-free set of strings then a forest above A is a set T 3 such that 
for all cr G A, T n is a tree above a. In particular we require that A ^ T. When 
we just say “tree” we mean a tree above a for some cr; the string a will usually be 
clear from the context or unimportant. The same holds for forests. We will mostly 
only use finite forests, but will use both finite and infinite trees. 

Let r be a forest and let t e T. An immediate successor of t on T is a string 
t' > T on T such that |t'| = jrj -f 1. A leaf of a forest T, also known as a terminal 
element of T, is a string on T which has no proper successors on T. 

A subtree of a tree T is a subset S ^ T which is a tree. Note that the stem of S 
may equal the stem of T, or properly extend the stem of T. If T is a tree and r G T 
then the full subtree of T above t is T riT^, the set of strings on T which extend r. 

If r is a tree above a then [T] is the set of infinite paths of T, the set of a; G 
such that x\n^ T for all n ^ jcrj. This is a closed subset of . Recall that [cr]“^ is 
the set of extensions of a in Baire space; in our notation, [cr]^ = [cr^]. 

A tree T is bounded by a function h if for all t & T, T(n) < h(n) for all n ^ jrj. 
It is computably bounded if h can be taken to be computable. If T is computably 
bounded then so is [T] (Definition 1.7). 

2.2. Bushy notions of largeness. The basic notions of “bushiness” were ex¬ 
tended from constant bounds to order functions, see [4, 9]. We recall the defini¬ 
tions and basic properties. A hounding function is a computable function from lo 
to [2,w). 
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Definition 2.1. Let T be a forest above a finite prefix-free set of strings A; let h 
be a bounding function. We say that T is h-bushy if every nonterminal t e T has 
at least /i(|t|) many immediate successors on T. 

Note that for the notion of bushiness, only the values of h for n > |cr| matter. 

Definition 2.2. Let ^ be a finite prefix-free set of strings and let S be a set of 
strings. Let hhe a, bounding function. The set B is h-big above A if there is a finite 
forest T above A which is h-bushy, all of whose leaves are elements of B. 

If A is an infinite set of strings then we say that B is h-big above A if i? is h-big 
above every finite, prefix-free subset of A. 

If B is not h-big above A then we say it is h-small above A. 

If is a singleton {a} then we say that B is h-big (or h-small) above a. li A'^ B 
then B is h-big above A for all bounding functions h. A set B is h-big above A if 
and only if the set of minimal strings in B is h-big above A. We thus often use the 
notion for either prefix-free sets of strings, or for open sets of strings - those that 
are upwards closed (closed under taking extensions). Also note that sometimes we 
do not assume that B only contains extensions of A, but of course for this notion 
it suffices to look at B n . 

The following remark is trivial. Its generalisations in later sections will be less 
so. 


Remark 2.3. Suppose that B is a set of strings, h-big above A, and that A,B^T 
for some tree T. Then any forest S which witnesses that B is h-big above A is a 
subset of T. 

The basic combinatorial properties of this notion of largeness have been repeat¬ 
edly observed [8, 11, 7, 9]. 

Lemma 2.4 (Big subset property). Let h and g be bounding functions. Let B 
and C be sets of strings, let a be a string, and suppose that B \j C is {h + g)-big 
above a. Then either B is h-big above a or C is g-big above a. 

Here it is important that we work above a single string a and not above any 
finite A. 

Proof. Let T be a tree which witnesses that B u C is (h -I- ( 7 )-big above a. Label a 
leaf r of T “B” if it is in B, and “C” otherwise. Now if p G T and all immediate 
successors of p have been labelled then since p has at least h(|p|) -I- g{\p\) immediate 
successors on T, either at least h(|r|) of these are labelled “B” or at least p(|r|) 
of them are labelled “C”. In the first case label p “B”, in the other label it “C”. 
Eventually a is labelled. If a is labelled “B” then set of p G T labelled “B” form a 
tree which witnesses that B is h-big above ct; and similarly if tr is labelled “C”. □ 

Lemma 2.5 (Concatenation property). Let h be a bounding function. Let A, B 
and C be sets of strings. Suppose that B is h-big above A, and that C is h-big above 
every t e B. Then C is h-big above A. 

Proof. Let A' be a finite, prefix-free subset of A. Let T be a forest which witnesses 
that B is h-big above A'. For a leaf r of T let Rt be a tree which witnesses that C 
is h-big above r. Then T u IJBt, where r ranges over the leaves of T, witnesses 
that C is h-big above A'. □ 
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The concatenation property will sometimes be used to recursively build bushy 
trees meeting infinitely many big sets. Again the following are fairly immediate; 
their generalisations in the next sections will be less so. 

Definition 2.6. A forest R is an end-extension of a forest S if every string in R\S 
extends some leaf of S. 

(This is not the same as the usual definition for partial orderings, but under the 
usual definition, any tree extension is an end-extension.) The argument proving 
the concatenation is broken up to show: 

Lemma 2.7. Let A,B,C be sets of strings, and let h be a bounding function. 

(1) Suppose that C is h-big above every t e B. Then C is h-big above B. 

(2) Suppose that A is prefix-free and finite; suppose that B is h-big above A and 
that C is h-big above B. Then any forest which witnesses that B is h-big 
above A has an end-extension which witnesses that C is h-big above A. 

Remark 2.8. Throughout, we will assume that whenever we are given a set of 
strings which is guaranteed to have some largeness property, then this set is the 
set of leaves of a forest witnessing this property. For example, suppose that we 
are given a set B which is h-big above some a. We will assume, often without 
mentioning it, that B is finite, that it is prefix-free, and that every string in B 
extends cr. 

2.3. The notion of forcing and the generic. Let Bdnc be the set of strings cr 
that are not initial segments of diagonally noncomputable functions: cr{e) = J(e)J, 
for some e < \a\, where J is a fixed universal jump function, for example J{e) = 
Te{e). 

Let T be a tree. We say that a set of strings B ^ T is open in T if it is upwards 
closed in T: if cr G B and t ^ a is in T then t e B. 

We let Pi be the set of tuples p = (ctP, TP, B^, /iP, feP) satisfying: 

(1) TP is a computably bounded, computable tree above ctP with no leaves. 

(2) hP e Q and TP is hP-bushy. 

(3) TP c TP is c.e. and open in TP, and B^ 3 Tdnc 

(4) b^ e Q and i?P is 6P-small above ctP. 

(5) h-P » hP and h^ > foP above |crP|. 

Lemma 2.9. Pi is nonempty. 

Proof. The set Tdnc is c.e. and is 2-small above the empty string (). Fix some 
b e Q (and recall that 5^2); and find some h e Q such that h » b and h ^ b (for 
example h{n) = 6f"+^i(n)). Recall that is the set of h-bounded strings. Then 
p = «>, Tdnc ^ h"^'^,h, b) is a condition in Pi. □ 

We define a partial ordering on Pi as follows. A condition q extends a condition p 
if crP < T^ is a subtree of TP, Rp n T"^ 3 B'^, and h"^ ^ and b'^ ^ b^ 
above |cr‘i|. 

To use the machinery of forcing developed in Section 1.4 we need to associate 
with each condition p e Pi a closed set X^. 

Lemma 2.10. The assignment of closed sets = [TP]\[TP]^ = [TP\TP] for 
p e Pi is acceptable (Definition 1.10). 
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Proof. Requirement (b), that X'^ c if q extends p, follows directly from the 
definition of the partial ordering on Pi. 

Let p G Pi. Suppose that [TP] c [Rp]^. Since TP is bounded, [TP] is compact. 
This implies that there is a prefix-free, finite set C a such that every t g TP is 
comparable with some element of C. The collection of strings in TP extended by 
some string in C witnesses that is hP-big above crP. Since above |crP| 

this implies that B^ is feP-big above ctP. We get requirement (a): XP is nonempty. 

Again let p G Pi. Let m ^ |tTP|. There is some r G of length m above 

which RP is 6 P-small; otherwise, the concatenation property implies that Rp is 
foP-big above ijP. If B^ is foP-small above t then q = (r, TP n r^, B^ n hP, b^) 
is a condition in Pi extending p and satisfying X’^ c [T'l] c [r]^. This gives 
requirement (c) of Definition 1.10. □ 

As discussed in Section 1.4, if G c Pi is sufficiently generic then 
is a singleton In fact 

= [J {o-P : p G G} . 

Let p G Pi; since Rdng ^ c B^ we see that Ap c DNC. Since strong forcing 
implies forcing (Corollary 1.14(3)) we get: 

Proposition 2.11. Every condition in Pi forces that G DNC. 

Remark 2.12. Let A be an open set of strings and let g be a bounding function. 
We say that A is g-closed if every string above which A is 5 -big is an element of A. 

The concatenation property implies that every set A has a 5 -closure: the set of 
all strings above which A is 5 -big is 5 -closed. 

Let p G Pi. We could require that Rp be 6 P-closed by replacing it by its b^- 
closure. In this case TP\i?P is an — 6 P)-bushy tree with no leaves. 

In later sections we will use notions of largeness for which the concatenation 
property fails, and so will not be able to quite mimic this operation. Some amount 
of closure would be required to ensure that we get a restriction map from P„ to Pn_i. 

2.4. Totality. Recall that for a set of strings G we let [G]"^ = Uo-ecM"^ 
set of a: G uj‘^ which extend some string in G. 

Lemma 2.13. Let p G Pi. Let C c be a c.e. and open in TP. Suppose that 
p lb G [G]"^. Let T G TP; let g s Q such that h^ » 5 , and h^ ^ g ^ b^ above |t|. 
Then the set B^ \j C is g-big above r. 

Proof. Otherwise q = (r, TP n , (RP u G) n , /iP, 5 ) is a condition extending p 
which strongly forces that x^ f (We need g ^ b^ above |t| not to ensure 

that q is a condtion but to ensure that it extends p.) □ 

Remark 2.14. Let p G Pi, let G c TP be c.e. and open in TP, and suppose that p 
strongly forces that x'^ G [G] ^. By compactness there is some level m such that all 
strings in TP of length m are in Rp u G. This shows that RP u G is /iP-big above 
every r G TP. 

The following proposition shows that we can always strongly force totality of r(a;®) 
for any Turing functional T. Indeed it is equivalent to forcing totality, since every II^ 
class is the domain of some Turing functional. 
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Proposition 2.15. Let C be II^ and let p G Pi. Then p Ih G C if and 

only if the set of conditions which strongly force that e C is dense below p. 

Proof. It suffices to show that if p Ih G C then p has an extension which strongly 
forces that x® G C. Fix such p. 

By Lemma 1.6, find some g e Q such that h'^ » g » b^. As discussed above, every 
level of TP contains a string above which TP n TP is foP-small. So by extending ctP 
(and taking the full subtree above that string) we may assume that h^ ^ g ^ b^ 
above |crP|. 

Let (Ck) be a uniform sequence of c.e. subsets of TP, open in TP, such that 
C n [TP] = [TP] n ■ Lemma 2.13 says that for all t g TP, for all A:, the set 

TP u Ck is 5 -big above r. 

We effectively define an increasing sequence {Sk) of finite 5 -bushy trees with the 
following properties: 

• Sk is 5 -bushy; 

• Sk+i is an end-extension of Sk, and no leaf of Sk is a leaf of Sk+i', 

• Sk ^ TP; and 

• the leaves of Sk+i lie in u Ck- 

We start with Sq = {cP}. We know that TP n Cq is 5 -big above ctP; Lemma 2.7 
shows that for all fc > 0, u Ck is 5 -big above TP u Ck-i- Thus, given Sk we can 
find a 5 -bushy end-extension S'f, of Sk with leaves in B^ u Ck', Remark 2.3 shows 
that S'j. cz TP. Since TP has no leaves, we can extend to the required 5^+1 by 
adding children from TP to each leaf of S'f. (using the fact that h^ ^ g above |crP|). 

Having defined the trees Sk we let S = Then S c TP, S is 5 -bushy, 

and S has no leaves. Also, S is computable: a string of length fc is in S' if and only 
if it is in Sk- 

Every path in S lies in [Rp uCfe]®* for all k and so [S\TP] c C. We required that 
5 » 6 P, so q = (crP,S, RP n S, 5 ,&p) is a condition which extends p and strongly 
forces that G C. □ 

2.5. Minimality. We prove: 

Proposition 2.16. Every condition in Pi forces that deg'p(x'^) is minimal. 

Let r: ^ 2“^ be a Turing functional. There are three ways to ensure 

that r(x‘^) does not violate the minimality of deg-p(x‘^): ensnring that it is partial, 
ensuring that it is computable, or ensuring that it computes x*^. 

For the rest of this section, fix a Turing functional F: 0 ;“^ ^ 2“. 

Definition 2.17. Let T be a set of strings. Two sets Aq and Ai of strings T-split 
mod B if r(ro) T r(Ti) for all tq g Ao\i? and ti g Ai\B. 

Lemma 2.18. Suppose that p G Pi strongly forces that r(x‘^) is total, and forces 
that r(x‘^) is noncomputable. 

Let T G TP. Let g s Q such that h^ » g, and hP 5= 35 and g ^ b^ above |t|. 
Then there are Aq, Ai c TP, each g-big above t, which T-split mod B^. 

Proof. Suppose that r and 5 witness the failure of the lemma; we find an extension 
of p which forces that F(x^) is computable. 

For a G let 


Aa = RP u {5 G TP : T{p) > a} 
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and 

=|J^/3 [/3e2<‘" & /31al. 

Let a G 2'^'^ and suppose that is 2g-big above r. By Remark 2.14 the set 
Aao^jAai is /iP-big above every p G Aa- Since ^ 2g above |t|, the concatenation 
property implies that Aa-o ^ Aai is 25 -big above r. By the big subset property 
there is some i <2 such that Aai is 5 -big above r [Here we use that the range of L 
is in Cantor rather than Baire space; we also use this in the proof of Lemma 2.20]. 

The assumption implies that A^a'i is 5 -small above r. Since Aai 'd A±a~i is 
/iP-big above r and 85 ^ above jrj it must be that in fact Aa~i is 25 -big above t. 

By recursion define the unique x G 2“ such that for all a < z, A^ is 25 -big 
above t. Note that z is computable. The set 

A±z = IJ A±z\k 

k<uj 

is 5 -small above r because it is the union of an increasing sequence of sets, each 
5 -small above t; since largeness is witnessed by a finite tree, 5 -smallness above r is 
preserved when taking the union. The fact that x is computable shows that A_iz is 
c.e., whence the tuple (r,TP n t'^,x 1 xz ci ''"^,^•*’, 5 ) is a condition extending p as 
required (recalling that c A±z)- □ 

The following lemma will allow us to construct a “delayed splitting” subtree 
of TP. 

Lemma 2.19. Suppose that p G Pi strongly forces that r(a;‘^) is total, and forces 
that r(a;‘^) is noncomputable. Suppose that ri, T 2 ,..., G TP. Let g e Q such that 
» 5 , and g ^ IP and h^ ^ 8^5 above min{|ri|, |r 2 |,..., jTfej}. Then there are 
sets Ai, A 2 ,..., Afc c TP, each Aj g-big above tj, which pairwise T-split mod . 

To prove Lemma 2.19 we need the following, which (mod B) is Lemma 6.2 of [11]. 

Lemma 2.20. Let g,h e Q; let B be a set of strings. Suppose that: 

• T and T* are strings; 

• A is a set of strings, ?>g-hig above t; 

• For all p e A, Ep^ and Ep^i are 3g-big above p and T-split mod B; and 

• F is a set of strings, 3h-big above t* , satisfying |r((T)[ > |r(u)| for all 
a G F\B and all v G E\B, where E = \_f Ep^i \p e A,i < 2\. 

Then there are E' c E, g-big above t, and F' c F, h-big above t* , which T-split 
mod B. 

We delay the proof of Lemma 2.20 until the end of the section. 

Proof of Lemma 2.19, given Lemma 2.20. The proof is by induction on k. The 
lemma is vacuous for fc = 1. Assume the lemma has been proven for k. Let ti, ... ,Tk 
and T* be strings on TP; suppose that » 5 , and h^ 5= 8^+^5 and g ^ b^ above 
min{|r*|, jrij, |t 2 |, ..., jTfej}. The hypothesis for k holds for the bound 85 instead 
of 5 , and so by induction we find finite sets Ai,...,Ak c; TP, each Aj 85 -big 
above tj, which pairwise T-split mod B^. As per Remark 2.8 we assume that 
Aj c rf. 

For every j = 1,... ,k, for every p e Aj, by Lemma 2.18 find finite Epp and Epp, 
subsets of TP, each 85 -big above p and contained in p"^, which T-split mod RP. Let 
E, = yjEpj \p G Aj,i < 2]. Note that the Ej also pairwise T-split mod RP. 
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Since is finite, p strongly forces totality of r(a;'^) and ^ 

above |t*|, by Remark 2.14 we find F c which is S^g-big above r*, such that 
|r(cr)| > |r(i/)| for all a G F\BP and g Fj\BP. 

Let Fk = F. By (reverse) recursion on j = fc, fc — 1,..., 1 we define sets E’' c Ej 
and Fj-i c Fj such that every E' is 5 -big above t,, Fj is 3-^ 5 -big above r* and E' 
and Fj_i pairwise L-split mod B^. To do this, given Fj apply Lemma 2.20 with 
T = Tj, A = Aj, 5 , T* and Fp^i as themselves, E = Fj and h = 

In the end the sets E' for j ^ fc and Eq are as required. □ 

Proposition 2.21. Every condition in Pi forces that ifr{x^) is total and non- 
computable then r(a;‘^) =t . 

Proof. It suffices to show that if p G Pi forces that r(a;‘^) is total and noncom- 
putable then p has an extension which forces that r(a:‘^) =t a;*^. By Proposi¬ 
tion 2.15 we may assume that p strongly forces that r(a:^) is total. 

By Lemma 1.6 find some 5 G Q such that h^ » 5 » b^. Let g{n) = Y[m<n 5(™)' 
As above by extending (jP we may assume that > 3®5 and g ^ b^ above |( 7 P| 
(see Example 1.4). 

We effectively define an increasing sequence (ik) and a sequence (St) of finite 
subtrees of such that: (a) Sk+i is an end-extension of Sk] (b) the leaves of Sk 
all have length ik; and (c) Sk is exactly 5 -bushy: every nonterminal t e Sk has 
precisely 5 (|t|) many immediate extensions on Sk- 

Let £q = |(tP| and Sq = {ctP}. Suppose that Sk and ik have been defined. For 
every leaf r of Sk we find a finite tree Rr c PP, exactly 5 -bushy above r, such that 
the sets of leaves of the various Rr pairwise L-split mod B^. This can be done 
since the number of leaves of Sk is nme[|crp| which is bounded by g{£k)- 

We assumed that h^ > 3®5 and so h^ 5= 3®*'^'“^5 above (.k', so Lemma 2.19 applies. 

Let S'f. be the union of Sk with the trees Rr for all leaves t oi Sk- Let £k+i be 
greater than the height of S'f.; obtain S^+i by appending a subtree of PP, exactly 
5 -bushy above p, to every leaf p of S'f.. 

Let S = Sk. As in the proof of Proposition 2.15, S is computable, computably 
bounded and has no leaves. It is 5 -bushy, and P is 1-1 on [5\EP]: if x,x' G [5'\EP] 
and x\e^,¥= x'\e^ then r(a:[' 4 ^J 1 r(a;'[' 4 ^J. The tuple (crP,^, RP n S', 5 , 6 p) is a 
condition as required (Lemma 1.8). □ 

Proof of Proposition 2.16. Let p G Pi. Let T be a Turing functional. If p has an 
extension which forces that r(x‘^) is partial then we are done. Otherwise p forces 
that r(x^) is total. We can extend p to a condition q which decides whether r(x®) 
is computable or not. If the former then we are done. Otherwise, Proposition 2.21 
says that q forces that r(a:‘^) x^ . □ 

Proof of Lemma 2.20. Let E = [J Ep^i \i <2 & p G A]. 

For a string a G 2"^“ let 

F^a = {F n B) u {a e F : r(CT) > a }, 

and similarly define Ex^, E^q, E^q and so on. 

If E n E is /i-big above r* then we can let E' = E n E and E' = E. Similarly 
if E n E is 5 -big above r. 
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Suppose otherwise. In that case, for sufficiently long a, F^a is h-small above t* 
(as it equals F r, B). Let a be a string, maximal with respect to F^a being h-hig 
above r*. We will show that either 

( 1 ) is <?-big above r, or 

( 2 ) is 5 -big above r and F^^ is h-hig above r*. 

In both cases we can find E' and F' as required. 

We examine two cases, depending on E^a- 

First, suppose that E^a is g-big above r. Let i? be a tree witnessing this. Every 
leaf of R extends some element of A, so every element of R is comparable with 
some element of A. Since A is an antichain, the restriction of R to initial segments 
of elements of A is 5 -bushy. This shows that A', the set of p e A such that E^a is 
5 -big above p, is 5 -big above r. We show that E±a is 5 -big above every p e A'; with 
the concatenation property this implies (1). Let p G A'; there are two possibilities. 
If B nE is 5 -big above p then we are done. Otherwise for some i < 2, Ep^i intersects 
E^o\B. But then Flpn-i £ and Ep^i-i is 35 -big above p. 

In the second case, suppose that is 5 -small above r. Since E = E±a u 
E^ol d Es^a is 35 -big above r, either (I) holds, or E^a is 5 -big above t. Assume the 
latter. We assumed that E n B is 5 -small above r; together, we see that E^a\B is 
nonempty. In turn this implies that |r((T)| > |a| for all cr G E\B; so E = F^a^F±a. 

The maximality of a ensures that F^a is 2/i-small above r* [Here again we use 
the fact that T maps into Cantor space]. Since F is 3h-big above t* it must be 
that Fj_a is h-big above t* , so ( 2 ) holds. □ 

3. A RELATIVE DNC STRONG MINIMAL COVER OF A DNC MINIMAL DEGREE 

We now construct two sequences x,y e such that x G DNC, x has minimal 
Turing degree, y G DNC“ and degrp(a;, 5 ) is a strong minimal cover of deg-p(a:). 

We use the mechanism of tree systems that was used by Cai [3, 2, 5] to show that 
there is a generalised high degree which is a minimal cover of a minimal degree. 
This is a more versatile approach than the homogenous trees which are usually used 
to construct initial segments of the Turing degrees (as in [12]). 

3.1. Length 2 tree systems. Let A c x 0 ;"^“ be a set of pairs of strings. For 
T G we let 

A(t) = {pGw<“ : (t,p) g A}. 

Of course domA = {t : [(t, p) G A]}. 

Definition 3.1. A tree system of length 2 above a pair (cr, p,) is a set T of pairs of 
strings satisfying: 

• domT is a tree above cr; 

• For all T G domT, T(r) is a finite tree above p; and 

• If T < t' are in domT then T{t') is an end-extension of T(r). 

In this section we only consider systems of length 2 and so we omit mentioning 
the length. 

A tree system S' is a subsystem of T if S ^ T. This means that domS is a 
subtree of domT and for all r G domS, S(r) is a subtree of T{t). If (r,p) G T 
then T n (t, p)°^ is a tree system, the system whose domain is the full subtree 
of domT above t and which maps all t' in its domain to the full subtree of T(r') 
above p. Here of course (t, p)"^ = x p^ is the upwards-closure of {(t, p)} in 
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the partial ordering < on defined by the product of extension on strings: 

(r, p) < (r', p') if r < r' and p < p'. 

A tree system is h-bounded if for all (t, p) G T, t(ji) < h{n) for all n < |t| and 
p{n) < h{n) for all n < \p\. It is computably bounded if it is bounded by some 
computable function. 

If r is a computable and computably bounded tree system then dom T is com¬ 
putable and the map t T{t) is computable (for each r G domT we obtain a 
canonical index for T{t) as a finite set). 

Forest systems. To iterate largeness we require the notion of forest systems. 

We call a set of pairs of strings A cz prefix-free if dom A is prefix-free and 

for all T G dom A, A(t) is prefix-free. For a set of pairs A let A"^ = 
be the upwards closure of A under <. If A is prefix-free then A^ is the disjoint 
union of (cr, for {a, p) e A. In other words, if (r, p) extends some element of A 
then that element is unique. We denote this element by (r, p)“'^. 

Definition 3.2. A forest system of length 2 above a finite prefix-free set A c 
is a set T of pairs of strings satisfying: 

• domT is a forest above dom A; 

• For all T G domT, T(t) is a finite forest above A(t“'^°“"^) (where again 

T“domA jg .j.)g predecessor in dom A); and 

• If r < t' are in domT then T(t') is an end-extension of T(r). 

A leaf of a forest system T is a pair (r,p) G T such that t is a leaf of domT 
and p is a leaf of T(t). Equivalently, it is a maximal element of the set of pairs T, 
if T is partially ordered by double extension <. The set of leaves of a finite forest 
system is prefix-free. 

Paths of tree systems. Let T be a tree system above {cr,p). For x G [domT] we let 

T{x) = IjT(r) [cr < r < xj. 

We also let 

[T] = {{x,y) : X G [domT] k ye [T(a:)]}. 

In general the set [T] need not be closed. 

Lemma 3.3. Suppose that for all x G [domT] the tree T{x) has no leaves. Then [T] 
is a closed subset of [ct, p]^. 

Proof. For r G domT let 

Er = [J[pV Ip a leaf of T(t)]; 

for n > |ct| let 

En = \^ ([t]^ X Er) \t g domT k |r| = n]. 

Each En is clopen. We show that [T] = f]En. We always have [T] c T„. 

Eor suppose that {x,y) G [T], and let n > \a\. Let r = x[„; so t G domT. Let m 
be greater than the height of T(t), and let p = p \m- Since p G T{x) there is 
some t' < X such that p G T(t'). Since p f T{t) we must have t < t' , and so p 
extends some leaf of T(t); this shows that y e E^, so {x, y) e En. 

In the other direction we use our assumption. Suppose that (x,y) G f^n^\a\ En- 
Eor all n > |cr|, (x, y) G T„ implies that a;[„G domT, so x G [domT]. Eor all n ^ |ct|. 
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some leaf of T{x\n) is an initial segment of y. To show that y G [r(a:)] it suffices 
to show that the minimum length of a leaf in T(x\n) is unbounded as n ^ oo. But 
otherwise T{x) would have a leaf. □ 

We will require that the pairs in tree systems appearing in our conditions can 
be extended to paths. It is not enough to require that the system not have leaves. 

Lemma 3.4. Let T be a bounded tree system and suppose that domT has no leaves. 
The following are equivalent: 

(1) For all k there is some m such that for every r G domT of length m, every 
leaf ofTlr) has length at least k. 

(2) For all x G [domT], T{x) has no leaves. 

Proof. That (1) implies (2) is immediate. Suppose (2) holds. By Lemma 3.3, [T] 
is closed; since T is bounded, [T] is compact. Let k < oj. The collection of clopen 
rectangles [r, p]^ where r G domT, p is a leaf of T(t), and \p\ > fc is an open cover 
of [T]; a finite sub-cover gives the desired m. □ 

To simplfy the combinatorics of finding big splittings, we restrict ourselves to 
“balanced” tree systems. 

Definition 3.5. Let T be a tree system and let n < uj. We say that m is a balanced 
level of T if for all r G domT of length m, every leaf of T(r) has length m. We 
say that T is balanced if domT has no leaves and T has infinitely many balanced 
levels. 

If T is bounded and balanced then it satisfies the conditions of Lemma 3.4 and so 
by Lemma 3.3, [T] is closed. If T is balanced, computable and computably bounded 
then [T] is effectively closed (this is really where we use the requirement that if r' 
extends r in domT then T{t') is an end-extension, rather than any extension, 
ofT(r)). 

3.2. Bushiness for forest systems. 

Definition 3.6. Let g and h be bounding functions. A forest system T is {g,h)- 
bushy if domT is p-bushy and for all r G domT, T(t) is h-bushy. 

Lemma 3.7. Let A cz ( 0 ;*^“)^ be finite and prefix-free, and let g and h be bounding 
functions. The following are equivalent for a set B of pairs of strings: 

(1) There is finite {g,h)-bushy forest system above A, all of whose leaves lie 
in B. 

(2) The set of T such that B{t) is h-big above A(t~ is g-big above dom A. 

Proof. Assume (2). We define a forest system S by first defining dom S', and then 
for all T G dom S, defining S(r). We let dom S be a p-bushy forest above dom A such 
that for every leaf r of dom S, B{t) is h-big above A{t~ Now let r G dom S; 

let cr = There are two cases. If t is a leaf of domS then we let S(r) be 

an h-bushy forest above A{a) which witnesses that B{t) is h-big above A{a). If r 
is not a leaf of domS then we let S(t) = A{a). □ 

These equivalent conditions define the notion of B being {g,h)-big above A; if 
they fail, we say that B is {g, h)-small above A. If A is infinite then we say that B 
is {g, h)-big above A if it is ( 5 , /i)-big above every hnite prefix-free subset of A. 
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For brevity we let for B c a bounding function h and a finite prefix-free 

set of strings D 

= {t : B{t) is /i-big above D} . 

Note that = f^pf,jjTTp{B). A set B is {g,h)-hig above a finite prefix-free 

set A if and only if for all a e domA, is (/-big above a. 

The big subset property holds. 

Lemma 3.8. Let g,g' and h,h' he bounding functions and let e 

Suppose that B,C and that B u C is {g + g\h + h')-hig above (cr,/i). 

Then either B is {g,h)-big above (cr,/r) or C is {g',h')-big above {cr,g). 

Proof. The set (B^C) is {g + 5 ')"big above a. The big subset property implies 
that [B <0 0) ^ G TT^ {C). Utilising the big subset property again, this 

time on the left coordinate, we see that either 7t^{B) is 5 -big above r or (C) is 
5 '-big above r. The first means that B is ( 5 , h)-hig above (a, fi); the second, that C 
is {g',h')-hig above (cr,/r). □ 

Weak concatenation. The concatenation property fails. Suppose that A is ( 5 , h)- 
big above (cr,/i), and that B is {g,h)-hig above every (r, p) e A. It is possible 
that B is not ( 5 , ft-)-big above (ct, p): take for example two strings pi and p 2 and 
a string r such that (r,pi), (r,P 2 ) 6 A. Then tt^^IB) and tt^.^{B) are both p-big 
above r, but the trees witnessing these facts need not be the same. That is, it is 
possible that 5 -small above r. As a result, it is possible that a set B 

is ( 5 , /i)-small above some {a, p) but the set of pairs above which B is ( 5 , Ii)-big is 
( 5 , Ii)-big above (cr, p). Instead, we will employ a weak version of the concatenation 
property. 

Definition 3.9. Let S and R be forest systems. We say that R is an end-extension 
of S if: 

• domi? is an end-extension of domS'; 

• If T G dams' is not a leaf of domS, then R{t) = S(r); 

• If r is a leaf of domS then R{t) is an end-extension of S(t). 

Note that this relation is transitive. Now if T is a finite (length I) forest above A, 
E is the set of leaves of T, and U is a forest above E, then T u [/ is a forest 
above A, an end-extension of T whose leaves are the leaves of U. For forest systems 
we cannot take unions. Suppose that S is a finite forest system above A; let D be 
the set of leaves of S, and suppose that i? is a forest system above D. We define 
the concatenation S"R of S and R-. 

• dom(5'"i?) = (dams') g (domi?); 

• For T G domS\domii, {S''R){t) = S(t); 

• For T G domi?, {S''R){t) = (S(r-'i°“^)) u R{t). 

This is a forest system above A, an end-extension of S whose leaves are the leaves 
of R. Note that if r g domi? then we do not assume that R{t) = D{t), and so it 
is possible that {S"R){t) ¥= S(t). If both S and i? are ( 5 , /i)-bushy then so is S"R. 
We conclude: 

Lemma 3.10. Suppose that B is {g,h)-big above A, and that C is {g,h)-big 
above B. Then C is {g,h)-big above A. Indeed, every finite {g,h)-bushy forest 
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system whose leaves are in B has a finite {g,h)-bushy end-extension whose leaves 
are in C. 

A set B of pairs of strings is open if it is upwards closed in the partial ordering <: 
closed under taking extensions in either coordinate. 

The following lemma concerns sets of strings, not pairs of strings. It is a con¬ 
sequence of the concatenation property, and is formally proved by induction on 
\B\. 

Lemma 3.11. Let B be a finite colleetion of open sets of strings, and let A be 
a finite, prefix-free set of strings. Suppose that each B e B is g-big above every 
a G A^. Then (~]B is g-big above A. 

Lemma 3.12. Let A and B be sets of pairs of strings, and let g and h be bounding 
functions. Suppose that B is open. Suppose that for all {a, g) G A, for all a' > a, 
B is {g,h)-big above ia',g). Then B is [g,h)-big above A. 

Proof. It suffices to show that for any a G domA and any finite, prefix-free E c 
A(ct), T^siB) is g-big above tr. We apply Lemma 3.11 to the collection of sets 
for g e E. The fact that B is open implies that each tt^{B) is open; the assumption 
is that each tt^{B) is g-big above every extension of tr. □ 

Corollary 3.13 (Weak concatenation property). Let A, B and C be sets of pairs of 
strings, and suppose that C is open. Suppose that B is {g,h)-big above A, and that 
for all {t,p) g B, for all t' t, C is {g,h)-big above (t',p). Then C is {g,h)-big 
above A. 

Working within tree systems. We will need to apply the weak concatenation prop¬ 
erty while working within a given tree system T. 

Remark 3.14. Suppose that B is (g,/i)-big above A, that T is a tree system and 
that A,B c T. Then the forest system constructed in the proof of Lemma 3.7 is a 
subset of T. 

Fix a tree system T. Suppose that S is finite forest system; let D be the set 
of leaves of S. Let i? be a forest system above D. Suppose that both S and R 
are subsets of T. Then S~R is also a subset of T. Thus, Remark 3.14 can be 
extended. Suppose that B is (g, /i)-big above A, that C is (g, /i)-big above B, and 
that A,B,C^ T. Then not only is there a finite (g, li)-bushy forest system S ^ T 
above A whose leaves are in B, but further, any such system S can be end-extended 
to a finite (g, /i)-bushy forest system R^T above A whose leaves are in C. 

If r is a tree system and B T then we say that B is open in T if it is 
upwards closed in the restriction of the partial ordering < to T. Lemma 3.11 can 
be “restricted to a tree S”: li A, B S and each B e B is open in S and g-big 
above A"^ n S, then P) is g-big above A. We then obtain a version of Lemma 3.12 
restricted to T: 

Lemma 3.15. Let T be a tree system; let A,B<^T, and let g and h be bounding 
functions. Suppose that B is open in T, and that for all (a, g) G A, for all a' ^ a 
in domT, B is {g,h)-big above {a',p). Then B is {g,h)-big above A. 

And so we get the weak concatenation property within a tree system: 
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Corollary 3.16. Let T be a tree system, let A,B,C c T, and suppose that C is 
open in T. Suppose that B is (g,h)-big above A, and that for all (t,p) e B, for 
all t' ^ T in domT, C is (g,h)-big above Then C is {g,h)-big above A, 

and in fact every finite {g, h)-bushy forest system S ^ T which witnesses that B is 
{g,h)-big above A has an end-extension R<^T which witnesses that C is {g,h)-big 
above A. 

We obtain a lemma which would allow us to take full subsystems as extensions. 

Lemma 3.17. LetT be a bounded and balanced (h,c)-bushy tree system above {(J,p) 
and let B cz T be open in T and {b, c)-small above {<J,p). Then for every m there 
is some {t,p) g T such that |t|, \p\ ^ m and above which B is {b,c)-small. 

Proof. Let m be some balanced level of T. Let D be the set of pairs (r, p) ^ T such 
that |r| = IpI > TO. Then D is (6, c)-big above {cr,p,). If there is no pair as required 
then the weak concatenation property localised to T (Corollary 3.16) shows that B 
is (6, c)-big above {cr,p,). □ 

Remark 3.18. We use the same convention discussed in Remark 2.8; we assume that 
large sets given to us are sets of leaves of tree systems witnessing their largeness. 
For example, if we are given a set B of pairs, {g, /i)-big above some A, then we 
assume that B is finite and prefix-free; that for all r G dornS, B{t) is /i-big above 
y4(r-do'n^); and that B<^A^. 

3.3. The notion of forcing and the generic. Let be the set of pairs (r, p) 

such that r G Sdnc or p g Bdnc^; the latter means that p{e) = J'^(e)[ for some 
e < \p\. Note that this set of pairs is (2, 2)-small above ((),•()). 

We let P 2 be the set of tuples p = ,T'^, B^,h^,b'P) satisfying: 

(1) TP is a computably bounded, computable, balanced tree system above (ctP, pP 

(2) /iP G Q and TP is (/iP, /iP)-bushy; 

(3) RP c TP is c.e. and open in TP, and RP 3 n TP; 

(4) &P G Q and B^ is (feP, &p)- small above (crP,/rP); and 

(5) /iP » foP and h^ > &p above min{|(TP|, |/iP|}. 

We define a partial ordering on P 2 as follows. A condition q extends a condition p 
if (crP,/iP) < T'l is a subsystem of TP, Rp n T'* c B"^, and h'^ ^ and 

b^ 5= 6P above minder'll. I/i'll}. 

Lemma 3.19. The assignment of closed sets = [TP]\[i?P]^ for p e ¥2 is 
acceptable (Definition 1.10). 

Note that TP\BP may not be a tree system and so we have not defined [TP\TP] . 

Proof. As discussed above, the fact that TP is balanced implies that [TP] is closed. 
That A*! c AP when q extends p again follows directly from the definition of the 
partial ordering on ¥ 2 . 

Let p G P2. Suppose that [TP] c [Rp]^. Since TP is bounded, [TP] is compact. 
There is some finite C c Rp such that [TP] c [C]"'. We may assume that C is 
prefix-free. Then C shows that B^ is (/iP,/iP)- and so (5P,6P)-big above (crP,^P). 
Hence Ap is nonempty. 

Let m < oj. Since h^ 5= b^ above min{|crP|, |/rP|} Lemma 3.17 shows that there 
is some pair (r, p) G TP with |r|, |p| ^ to above which B^ is (feP, 6P)-small. Then 
q = {{t, p),TP n (r, p)’^,TP n (r, ftP, foP) is a condition in P 2 extending p 


DNR AND INCOMPARABLE TURING DEGREES 


19 


satisfying c [TR] c [r, p]~^. Thus for every m, the set of conditions p G P 2 such 
that XP c [r, for some strings T,p, both of length at least m, is dense in P 2 ; 
this implies requirement (c) of Definition 1.10. □ 

As in the previous section, if G c P 2 is sufficiently generic then 
is a singleton which we denote by {{x^,y^)}. In fact x'^ = IJ : p G G} and 
2 /*^ = U : P e G}. 

Let p G P 2 ; since Sdng^ — see: 

Proposition 3.20. Every condition in P 2 forces that x'^ G DNC and that G 

The restriction 0 /P 2 to Pi. We do not actually have a restriction map to Pi from P 2 
but from a dense subset of P 2 . Note that if Q c p is dense and G c Q is a generic 
directed set, then it is also a generic directed subset of P. 

Proposition 3.21. There is a dense subset Q 2 £ IP 2 cind a restriction map i: Q 2 ^ 
Pi such that for all p G Q 2 , 3 domXP. 

In particular this shows that P 2 is nonempty. 

Proof. We define i: P 2 ^ Pi by letting 

*(q) = {cr’^Aom.T'^,TTll{B^),h^,b^) 

where we recall that is the set of r such that is 6'1-big above p’^. 

Let q G P 2 . It is routine to check that i(q) G Pi. 

However, we cannot show that i is order-preserving. For this reason we let 
Q 2 = {p G P 2 : <p(BP) = {t G domTP : pT G BP(t)}} . 

Suppose that q g Q 2 ; then 3 domXi. To check this we observe that if 

{x,y) G [T'i]\[i3'i]"' then for all t < x, {t, p^) ^ B"^ and so r ^ so x e 

[domT'i]\[i?®(i)]^. (In fact = domXi; if a; G then B'^{x) is 6'1-small 

above /i'l, so T‘^{x)\B'^{x) has a path.) 

Let q G P 2 . Define a set B a pi: for r G domT'i\7r^q(i?'i) we let B{t) = B'^{t)\ 
for T G 7 r^q(H'i) we let Bir) = T'i(r). Let u(q) = (((i'l, ^'i), T'l, H, h'l, 6'i). The 
concatenation property implies that 7rJ)q(H'i) = 7r|)q(i?), which shows that u(q) G 
P 2 , in fact that u(q) G Q 2 , and it extends q. Hence Q 2 is dense in P 2 . We observe 
that i(q) = i(u(q)). 

To show that the restriction of i to Q 2 is order-preserving we need to check that 
if q extends s are in Q 2 then B^^^l n T*('i) c shq). if e (and r G T*('i)) 

then {t,p^) g H®; since B^ is open in T®, this means that {t,p'^) g H®; since 
B^ nT^<^ B^, (r, p^) G B^ and so r G H'('i) . 

Let q G Q 2 and let p G Pi extend f(q); we need to find r G Q 2 extending q such 
that i(r) extends p. Using the map u, it suffices to find r G P 2 . 

Let T be the restriction of T'l to PP: domP = PP and for r G PP, P(t) = P'i(r). 
The system P is (6 p, 6 '*)-bushy above (crP,/i'i). 

Also define H c P; if r G PP then B{t) = P(t); if r G PP\PP then B{t) = 
B^{t). The set B is open in P, is c.e., and is (6 p, 6 'i)-small above {crP,p‘^). To see 
that let S be (6 p,6'i) bushy above (ctP,ii'i); by Remark 3.14 we may assume that 
S' c P. Since dom S is a subtree of PP we hnd a leaf t of dom S which is not in PP. 
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Since p extends i(q), r ^ iJ*(q) and so B{t) = is &'i-small above fj,^, so S{t) 

has a leaf p which is not in B{t). 

Since ^ above |(tP| and ^ above T is (&p, 6 '^)-bushy. By 
Lemma 3.17 we can find {<J,p) £ T such that |cr|, \p\ max{|aP|, and above 
which B is (feP, &‘i)-small. 

We now define r = {{a,p,),T n {a,p)'^,B n {a, p,)^, ^b^). The point is that 

hP h'^ and 6 p ^ b"^ above min{|cr|, \p\} and so T'' is (/iP, ftP)-bushy and B’^ is 
(foP, 6 P)-small above {cr,p). This also shows that r extends q. To show that i(r) 
extends p we need to show that B^ n domT'’ c Lg^ j- g j^p p, domT'’. Then 

T a and so p e T{t) = B{t), so t e □ 

Corollary 3.22. Every condition in P 2 forces that x'^ has minimal Turing degree. 

Totality. 

Proposition 3.23. Let C c ( 0 ;“^)^ be II^ and let p e P 2 . If p Ih {x^,y^) s C 
then p has an extension which strongly forces that {x'^,y'^) e C. 

Proof. The proof is similar to the proof of Proposition 2.15. We choose a func¬ 
tion g e Q such that h^ » g » b^. By Lemma 3.17 we may assume that h^ ^ g ^ b^ 
above min{|(TP|, |/rP|}. 

We fix a sequence of c.e. sets Ck £ TP, open in PP, such that C n [PP] = [PP] n 
nfc[C'fe]^. For all (r,p) G PP, for all fc, the set B^ u Ck is {g,g)-hig above (r,p); 
otherwise ((t, p),T^ r, (t, p)^, (BP u Ck) n (t, p)^,hP,g) is a condition extending p 
which forces that {x^,y^) ^ C. 

We define a sequence of finite tree systems Sk ez pP such that: each Sk is {g,g)- 
bushy; Sk+i is a proper end-extension of Sk', the leaves of Sk+i are in Ck 'o PP; if 
k > 0 then there is some Ik such that for every k ^ 1, for every leaf (t, p) of Sk, 
|r| = IpI = Ik. We begin with = {((TP,pP)}. Given Sk, Corollary 3.16 says that 
Ck u PP is {g, p)-big above the set of leaves of Sk, so we can find a finite {g, p)-bushy 
end-extension c pP of Sk with leaves in Ck u PP. 

Now hnd some Ik+i, greater than |t| and |p| for any leaf (r,p) of which is a 
balanced level for PP (Definition 3.5). Then the set of (r, p) G PP such that |r| = 
IpI = Ik+i is (p,p)-big above the set of leaves of P(,. Hence we can find Pfc+i c pP 
to be an end-extension of P(. as required. 

It follows that P = Pfc is a computable, [g, p)-bushy and balanced tree system 
above (ctP,pP) and that the condition ((ctP, pP), P, PP n S,g,bP) extends p and 
strongly forces that {x^, y'^) e C. □ 

3.4. Minimal cover. We work toward showing that degrY{x^,y^) is a strong min¬ 
imal cover of deg-p(a:^). We do this in two steps. First we show that it is a minimal 
cover. This mostly uses the tools of the previous section. 

Let F: —> 2“^ be a Turing functional. For a condition p G P 2 , a bounding 

function g and a string p let F-Sp®(p) be the set of r G domPP such that TP(t) 
contains two sets Aq{t) and Ai(t), both p-big above p, which F(t, —)-spht mod 
PP(r). 

Lemma 3.24. Suppose thatp G P 2 strongly forces thatT{x^ ,y‘^) is total and forces 
thatT{x^,y^) ■ 

Let {<J,p) 6 PP. Let g & Q such that hP » g, and hP > 3p and g ^ bP above 
min{|cr|, |p|}. Then r-Sp®(p) is g-big above a. 
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Proof. Suppose that (tr, /i) and g witness the failure of the lemma; we find an 
extension of p which forces that T{x^,y^) is computable from x'^. 

Let 0 be the (c.e.) set of pairs (r, a) such that r e domTP, a G 2^“^ and ^^(r) 
is g-big above /i, where as before Aa = u {(t, p) e : r(r, p) > a}. 

For brevity let C = r-Sp®(p). The set C is open in domT^. If t G domTP\C 
then the strings in 0 (t) are pairwise comparable. 

Let T G domTP\C'. The argument of the proof of Lemma 2.18 shows that if 
|r(T,p)| ^ m for every leaf p of 'TP(t) which is not in BP{t) then 0 (t) contains 
a string of length m. Also, BP{t) is p-small above p and so 0 (t) is finite; in this 
case we let 0"^ = 1J®(''’) be the longest string in 0 (t). 

If T < r' are in domTP\C' then 0"^ < 0"^ . This follows from the fact that 
Aa{T) c Aq,(t') for all a. 

Let D = {(r,p) g TP : r G C or r(r,p) 1 a for some a G 0(t)}. The set D 
is c.e. and is open in TP. Also, D u B^ is (p,p)-small above (ct, p). To see this, 
suppose that S c TP is a finite (p, p)-bushy tree system above (cr, p) (as above we 
use Remark 3.14). Then there is a leaf r of dom S which is not in C; and then S'(r) 
must contain a leaf p ^ BP{t) such that r(r, p) is compatible with 0’’. 

Now suppose that {x,y) G [TP]\[ZI u Rp]^. No initial segment of x is in C. A 
compactness argument shows that 0(a;) = IJr<x total, and so r(a;, y) = 0(a:). 
Certainly Q{x) x. Therefore the condition {{a,p),TP n (cr,p)^,(D u B^) n 
(cr,p)^,/iP,p) extends p and (strongly) forces that T{x^,y^) x^. □ 

Definition 3.25. Let B c ( 01 ”^“)^. Two sets Aq and Ai of pairs of strings locally 
V-split mod B if for all t, Ao(t) and Ai(r) form a r(r, — )-splitting mod B{t). That 
is, if (t,po) g Af\B and (r,pi) G Ai\B then r(r,po) 1 r(r,pi). 

We introduce the notion of uniform largeness. 

Definition 3.26. Let A be finite and prefix-free, and let S be a collection of sets of 
pairs of strings. We say that the sets in B are uniformly (p, h)-big above A if the set 
of T such that for all B e B, B{t) is h-big above A(t“'^°™"^), is p-big above dom A. 

The conclusion of Lemma 3.24 is that there are Aq and Ai, subsets of uni¬ 
formly (p,p)-big above (a,p), which locally T-split mod B^. 

Lemma 3.27. Suppose that p e F 2 strongly forces that T{x^, y'^) is total and forces 
that r{x^,y^) x^. 

Let a G dom T^, and let pi, p 2 , ■ ■ ■, Pk be elements of TP(cr). Let g s Q such that 
hP » p, and h^ > 3^p and g > b^ aftoue min{|cr|, |pi|, |p 2 |, • ■ ■: Then there 

is a set A cz T^, {g,g)-big above {{a,pj) : j ^ k}, such that the sets A n {a,pj)^ 
pairwise locally T-split mod B^. 

Proof. The idea is to extend bushily on the first coordinate so that we can emulate 
the proof of Lemma 2.19 on the second coordinate. Formally this is done by induc¬ 
tion on k. Suppose this has been shown for fc; let pi,..., pk and p* be elements of 
TP{a); suppose that h » p, and h^ ^ 3^+^p and g ^ b^ above min{|cr|, |p*|, \pj\ : 
j ^ k]. Then h » 3p; so by induction we can find a set A, (3p, 3p)-big above 
{(cr,pj) : j ^ fc} such that the sets A n {a,pj)^ pairwise locally F-split mod B^. 
In fact we only need (p,3p)-big. 

Let (C, u) G A. By Lemma 3.24, for all ^ f on domTP, F-Spy®(p) is 3p- 
big above f (again we only need p-big). By repeatedly extending we see that for 
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all C G dom A, Q(; = 0 n n;y 6 A(c) r-Sp^®(p) is 3g-big above We extend the set A 
by letting A{t) = A{() for all r G Qq. Let Q = IJcedomA Qc'j 3(jf-big above a. 
For every t e Q and all ly e A{t) we can find sets c T^{t), each 

S^-big above v, which r(T, —)-split mod BP{t). 

Further, by extending in domT^, we may assume that for all r G Q we can hnd 
F{t) c TP(r) which is S^g-big above /r* and such that |F(t, p)| > |r(T, t?)] for all 
p G E{t)\B'p{t) and all 77 G E^^i{T) (for both i <2 and all v G A{t)). 

Overall we see that for all t G Q we can run the argument proving Lemma 2.19 
inside T'p{t) and using Lemma 2.20 hnd F'{t) c F{t), 5 -big above p* and for 
j ^ k, Ej^r) c TP(r), 5 -big above pj, with every string in E'^{t) extending some 
string in Aj(t), such that F'{t) and E'-{t) form a r(r, — )-sphtting mod BP{t); the 
fact that strings in E'j{T) extend strings in A{t) n 5 ^ shows that the sets Ej{t) 
also pairwise r(r, —)-split mod BP{t). □ 

Proposition 3.28. Every condition in P 2 forces that ifr{x'^,y^) is total and 
r{x^,y^) then r{x^,y^) ©x® y^■ 

Proof. As in the proof of Proposition 2.21 we take some p G P 2 which strongly forces 
that r(x‘^, 5 *^) is total and forces that r(x‘^, y'^) x^, and hnd an extension of p 

which forces that r(x‘^, 5 *^) © ^x y^- 

Find some g e Q such that h^ » 5 » b^. Let 5 ( 771 ) = Y\k<m9i^)- 
Lemma 3.17 we can extend {a^, p^) so that h^ 5= 3®5 and g ^ above min{|(TP|, | 5 *’|} 
We dehne an increasing sequence {£k) and a sequence (5^) of hnite subsystems 
of TP such that: dom Sk is 5 -bushy and for all t g dom Sk, S'fc(r) is exactly 5 -bushy; 
Sk+i is a proper end-extension of Sk] for every leaf (t, p) of Sk, Irj = \p\ = ^k■ 

To begin we hnd some £0 > a balanced level for TP. We let domS'o = 

dom TP and for each leaf r of domS'o we let Sq{t) be an exactly 5 -bushy 
subtree of TP(r) whose leaves all have lenght As usual if r G domiFo is not a 
leaf then we let <S'o(x) = {p^}- 

Given Sk we note that for every leaf cr of dom Sk, the number of leaves of Sk{<j) is 
precisely nme[|AtP| which is bounded by g{ik)] and h^ ^ above ik- 

By Lemma 3.27 we can hnd for each leaf tr of dom^fc a hnite ( 5 , 5 )-bushy for¬ 
est system i?cr c TP above {(u, t/) : n a leaf of ^'^(ct)}, such that for every leaf r 
of domi?cr, the sets Rair) n 77 for the leaves n of Sk{cr) pairwise r(T, — )-spht 
mod i?P. By shrinking we may assume that for all leaves r G dom To-, Rafx) is 
exactly 5 -bushy. Let R = IJ^ R^ and let S'(, = Sk'R- 

Now as in the proof of Proposition 3.23 we let £k+i be a balanced level of TP, 
greater than the length of any string appearing in S'^., and let Sk+i c TP be an 
end-extension of S'(, with the desired properties. 

Let S'= IJj;, S';;. Then for all X G [domS], r(x, —) is 1-1 on [S(x)]\[ilP(x)]^. The 
tuple ((crP, pP), S, RP n S, g, b^) is a condition as required (relativise Lemma 1.8 to 
each x). □ 

3.5. Strong minimal cover. The following is the usual dehnition of splitting, 
restated for pairs of strings. 

Definition 3.29. Let B c (tc'^'^)^. Two sets Aq and Ai T-split mod B if for all 
(t,p) g Ao\ 5 and {t', p') G Ai\5, r(T,p) 1 r(T',p')- 

Lemma 3.30. Let 51 , 52 , hi ,/72 G Q; let B be an open set of pairs of strings. 
Suppose that: 


DNR AND INCOMPARABLE TURING DEGREES 


23 


• (cT,/i) and (cr*,/i*) are pairs of strings; 

• A is {3gi,3g2)-big above 

• Eq and El are uniformly (3gi,3g2)-big above A; and for all {t, p) G A, 

Eq n (t,p)^ and Ei n (r, p)®* locally T-split mod B; and 

• E is (3hi,3h2)-big above (cr*,u*), and |r(A, u)! > |r(C, r?)! for all (X,v) G 
E\B and all (C, v) e E\B, where E = Eq u Ei. 

Then there are E' E, {gi, g 2 )-big above ((J,p), andF' <^F, (hi, h 2 )-big above {a*,p* 
which T-split mod B. 

Proof. The proof is very similar to that of Lemma 2.20. As above, for a string a G 
2“^“^ let F^a = {F r\B)\j {(r, p) G F : r(T, p) > a}, and similarly define F±a, E^a, 
E:^a and so on. If F n B is {hi, /i 2 )-big above {a*, p*) then we can let F' = F n i? 
and E' = E. Similarly if F n F is (pi,p 2 )-big above (cr, p). 

Suppose otherwise. In that case, for sufficiently long a, F^a is (Iii,/i 2 )-small 
above {a*,p*). Let a be a string, maximal with respect to F^a being (/ii,/i 2 )-big 
above (u*, p*). As above we show that either 

( 1 ) Fx„ is ( 5 i,P 2 )-big above (cr,p), or 

( 2 ) E^a is (pi,P 2 )-big above (cr, p) and Fx^ is (/ii,/i 2 )-big above (cr*,p*). 

In both cases we can find E' and F' as required. 

Again we examine two cases, depending on F^„. 

First suppose that F^^ is (pi,P 2 )-big above (cr, p). Let R witness this. Fix f, a 
leaf of domF. The argument of the proof of Lemma 2.20 is now carried out within 
F(C). Let T = ^-doniA^ Every v G E{C) extends some unique p G A{t). The tree 
F(C) restricted to initial segments of strings in A{t) shows that A{t) n F(C) is 
P 2 -big above p; for each p G A{t) n R{(), E^a{C) is 52 -big above p. The previous 
argument shows that for each such p, Fxq(C) is fl 2 -big above p. The concatenation 
property shows that Fxa(C) is 52 -big above p. And then domF shows that Fxa is 
( 5 i> 52 )-big above (cr,p). 

Next suppose that E^a is ( 5 i, 52 )-small above (cr, p); the argument is now iden¬ 
tical to the comparable one in Lemma 2.20, using Lemma 3.8. It shows that (2) 
holds. □ 

Lemma 3.31. Suppose thatp G P 2 strongly forces thatT{x^,y'^) is total and forces 
that r(a;‘^, y'^) ■ 

Let C c FP be prefix-free and finite; let g G Q such that hP » g, and h^ ^ 5 

and g ^ b^ above miii{\a\,\p\ : (cr, p)gC'}. 

Then there is a set A c TP, {g,g)-big above C, such that the sets A n {a, 

(for a G domC) pairwise T-split mod B^. 

Proof. We prove the lemma by induction on \C\. Let C* = C u {(cr*p*)} c TP be 
finite and prefix-free, and suppose that the lemma is already known for C. Let 5 
satisfy the assumptions of the lemma for C*. The assumptions of the lemma hold 
for the set C and the function Let A be as guaranteed by the lemma for C 

and 3 ICI 5 . 

Let (cri,pi), (< 72 , P 2 ),. ■., {<Jk,Pk) list the elements of C such that tjj ^ cr*. By 
reverse recursion on j ^ k we define a set Aj c TP, {3^g, 3^g)-hig above C*. We 
will ensure that Aj c A^, and so the sets Aj n (cr, pP)^ for cr g domC pairwise 
F-split mod FP. Further, we will ensure that Aj_i n (cr*, p*)"^ and Aj_i n {aj,pj)'^ 
F-split mod FP; and that Aj-i cz A^. Thus in the end, the set Aq is as required. 
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We start with Ak = Now suppose that j > 0 and we are given the 

sets Aj. Let r e (dom Aj) n Lemma 3.24 says that for all r' > r in domTP, for 

all p G Aj{T) n/i^, the set r-Spp^®(p) is S-’g-big above Uj. So applying Lemma 3.11 
to these sets, and repeating this process for all such r, we find (finite) Ej^q c TP 
and Ej^i c TP, uniformly {3^g, 3^g)-hig above Aj n such that for every 

(r,p) G Aj n {aj,pj)'^, Ej^ n (r,p)”* and Ej^i n (r,p)"^ locally L-split mod B^. 
Given Ej = Ej^ u Ej^i we can find Fj c TP, (d-’p, 3^p)-big above Aj n {a*, p*)"^ 
(and lying above that set) such that |r(T, p)| > |r(T', p')| for all (r, p) G Fj\BP and 
all [t' , p') G Ej. We then appeal to Lemma 3.30 with Fj in the role of F, Ejj in 
the role of Ei, Aj n {aj,pj)'^ in the role of A, and using the function 3^~^g we get 
Fj c Fj, (3^“^p, 3^“^p)-big above {a*,p*) and E'j c Ej, also (3'^“^p, 3'’“^p)-big 
above {aj,pj), which L-split mod B^. 

We now define the set Aj-i. We first define domAj_i, and we do this by 
defining (dom Aj_i) n for all a G domC*. Let a G domC*. If ct 7 ^ aj, a* then 
(domylj_i) n = (domAj) n a^. We let (domAj_i) n (a*)"^ = domFj and 
(domAj_i) n (cTj)'^ = domLl'. 

Now for r G domAj_i we define Aj_i(r). Fix such r; let ( = and 

let CT = jf ^ ^ C = T and we let Aj_i(t) = 

Aj(T). Otherwise, we define Aj_i(T) by defining Aj_i n p^ for all p G C'*(cr). 
Suppose that cr = cr*. If p 7 ^ p* then we let Aj_i{T) r\ p^ = Aj{() n p'^ (which 
inductively will just equal A(t“‘^°™"^) n p"^). We let Aj-i{T) n (p*)^ = Fjir). 
Similarly, if cr = Uj and p A Pj then we let Aj_i(r) n p'^ = Aj (C) (C p^; we let 
A,_i(r)n(p,)^=F;'(r). □ 

Proposition 3.32. Every condition in P 2 forces that ifr{x'^,y^) is total and 
r{x'^,y^) then r{x'^,y^) x^. 

Proof. The construction is similar to the one in Propositions 2.21 and 3.28. It is 
here that we really use the fact that TP is balanced, for we ensure that each Sk we 
build is exactly (p,p)-bushy. We assume that h^ » 3® g above min{|crP|, |pP|} and 
then apply Lemma 3.31 to C being the set of leaves of Sk. We use Lemma 1.9. □ 

And as a result: 

Proposition 3.33. Every condition in P 2 forces that degj.^x'^,y^) is a strong 
minimal cover of deg^^x’^). 

Remark 3.34. We could combine the proofs of Lemmas 3.27 and 3.31 to build a 
“totally L-splitting” extension: a set A such that if {ai,pi) G C (for i < 2) and 
{xi. Pi) G A n {ai, pi)^\B, then r(To,po) -L r(ri,pi) provided that either ao A a\, 
or To = Ti (and po A pi). We could then have a single construction (replacing 
Propositions 3.32 and 3.33) giving a condition forcing that T{x^,y'^) {x^,y^). 


4. The general step 

We now generalise to get a linearly ordered initial segment of length n. Once 
the correct definitions are in place, much of the development closely follows the 
previous section. 
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4.1. Length n forest systems. We work with n-tuples of strings. We use boldface 
notation for tuples. If r is a tuple then n denotes the component of r. The 
partial ordering of extension ^ on is defined as expected. For a set kl c 

we let be the upward closure of A under this partial ordering. If r is 
an n-tuple and k ^ n then we let T\k= (ti,..., Tfc) and r \= (rfc+i,..., Tn). 

For a set A c and k < n we let dom^ A be the domain of A thought of 

as a relation between ^-tuples and (n — fc)-tuples: 

domfc A = {rffc : t e A}. 

For T G we let 

= {p e : (r, p) G . 

We will frequently need to chop off the last bit, so for compact notation we let 
t|= t I'n-i for all t g and let Al= dom„_i A = {rj,: t e A} for all 

A c 

Definition 4.1. By induction on n we define the notion of a prefix-free set of tuples 
of strings: a set A a is prefix-free if Al is prefix-free, and for all r G Al, 

A{t) is a prefix-free set of strings. 

If A is prefix-free and r G then there is a unique cr e A such that cr < r 
(formally this is proved by induction on n); we denote this cr by Note that 

if A is prefix-free and r G A"^ then x|,G and = t~^1. 

Definition 4.2. By induction on n we define the notion of a length n forest system. 
Let A c be prefix-free and finite. A length n forest system above A is a 

set T c A"^ such that: 

• T], is a length n — I forest system above A],; 

• for all T G TJ,, T{t) is a finite forest above A{t~^^)] 

• if T < r' G T], then T{t') is an end-extension of T{t). 

A forest system S' is a subsystem of T if S c T. We write t(r) for the length 
of T. If A is a singleton cr then we say that T is a tree system above cr. 

Lemma 4.3. Let T be a tree system and let cr e T. Then T n cr^ is a tree system 
above a. 

(In fact cr can be replaced by any finite, prefix-free subset of T). 

Proof. By induction on £{T). Let R = T n The point is that i?J,= T[ n(cr|,)’^. 
For suppose that r G TJ, n(crj)’^. Then T{ct[) c T(t) and cr e T imply that 
(r, cr„) G T and witnesses that r G i?J. Finally we also observe that for r G i?J we 
have R{t) = T{t) n (cr„)'^. □ 

The dehnition of an h-bounded (and so of a computably bounded) tree system 
is as expected. If T is computable and computably bounded then for all k < i{T), 
domfc T is computable and the map r T(t) is computable. 

A leaf of a forest system T is a ^-maximal element of T. A tuple r is a leaf 
of T if and only if rJ is a leaf of TJ, and tkj) is a leaf of T(tJ). The set of leaves 
of a forest system is prefix-free. 

If T and S are length n forest systems then we say that T is an end-extension 
of S' if: 
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• T], is an end-extension of S'],; 

• If T G S'J, is not a leaf of SI then T{t) = S{t); 

• If T is a leaf of SI then T{t) is an end-extension of S{t). 

Note that this is a transitive relation. 

Lemma 4.4. Let (Sm) be a sequence of forest systems above A, with each Sm+i 
an end-extension of Sm- Then IJ,^ Sm is a forest system above A. 

Proof. Let S = IJ^ Sm- Then S[= IJ^ and so by induction on the length, 
S'J, is a forest system above AlJ. Let r G SJ,. Then S(t) = IJ^ S^Jr) is the union 
of a sequence of end-extensions above A{t~^^), and so is a forest above that set; 
note that if r G S^i but is not a leaf of S^J, then S(t) = Sm{T)- □ 

Other breaking points. We don’t have to isolate only the last coordinate. For ex¬ 
ample: 

Lemma 4.5. Let A c The following are equivalent: 

(1) A is prefix-free; 

(2) For some fc G {1,..., n — 1}, dom^ A is prefix-free and for all t g dom^ A, 
A(t) is prefix-free; and 

(3) For all k G {1, .■■ jn — 1}, dom^ A is prefix-free and for all r G dom^ A, 
A(t) is prefix-free. 

The proof relies on the fact that (21 J,)(t) = (A(t))J,, and induction. For forest 
systems we do not get as nice a result. 

Lemma 4.6. Let A cz be prefix-free and let T c 

(1) Suppose that T is a forest system above A. Then for all fc G {1, 2,..., n— 1}; 

(a) domfc T is a forest system above dom^ A; (b) For all r G dom^ T, T(t) 
is a forest system above A{t~ ; and (c) if t ^ r’ are m dom^ T then 

r(r)cr(T0. 

(2) Let fc G {1,2,..., n—1}; suppose that dom^ T is a forest system above dom^ A, 
that for all r G dom^ T, T{t) is a forest system above AI(t ~and 
that if T ^ t' are in dom^ T then T(t) is an end-extension of T(t'). 
Then T is a forest system above A. 

Again the proof is routine. In the situation of (1) we don’t always get that 
T(t') end-extends T(t). Suppose for example that t < t' are in domi T and 
that p < p' are in domir(T) (and so also in domir(T')). It is possible that 
T{t',p) ^ T{t,p), even though p is not a leaf of T(r). For example we could 
have T{t',p') = T{t',p) = T{t,p') which is a proper end-extension of T{t,p). For 
end-extending, though, we do get full invariance of breaking point: 

Lemma 4.7. Let S and T be forest systems of length n. The following are equiv¬ 
alent: 

(1) T is an end-extension of S; 

(2) For some fc G {1,..., n — 1}, dom^ T is an end-extension o/domfc S, for all 

T G domfc S, T{t) is an end-extension ofT(T), and if t G dom^ S is not a 

leaf of domfc S, then T{t) = S{t). 

(3) For all k G (1,... ,n — 1}, dom^T is an end-extension of dom/c S, for all 

T G domfc S, T(t) is an end-extension ofT(T), and if t G dom^ S is not a 

leaf of domfc S, then T{t) = S{r ). 
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Also note that if S' is a forest system then r G S is a leaf of S if and only if for 
some (all) fc G {1, 2,... ,i{S) — 1}, is a leaf of domfc S and is a leaf of 

S{T\k). 

Paths of tree systems. We simplify our presentation by restricting ourselves to bal¬ 
anced tree systems. 

Definition 4.8. Let T be a tree system and let m < w. We say that m is a 
balanced level of T if for all r G domi T of length m, every component of every leaf 
of T(t) has length m. We say that T is balanced if domi T has no leaves and T has 
infinitely many balanced levels. 

For a balanced tree system T we let 

[T] = ja; G : x\m^ T for every balanced level m of t| . 

The set [T] is a closed subset of 

For X £ [T J,] we let T{x) = UT<a; This is a tree with no leaves. If T 

is balanced then so is T and [T] = {{x,y) : x G [T].] & y G [T(a;)]}. If T is 
balanced, computable and computably bounded then [T] is effectively closed. 

Bushiness for forest systems. Let g = (yi,..., be a tuple of bounding functions, 
and let T be a length n forest system. We say that T is g-bushy if TJ, is gf|,-bushy 
and for all x G T],, T{t) is y„-buhsy. As usual, T is g-bushy if and only if for some 
(all) k G {1, 2,..., n — 1}, dom^ T is g \ fc-bushy and for all x G dom^ T, T(t) is 
9 ((fc,n]-bushy. 

We say that a set i? c (a;“^‘^)" is g-big above some finite prefix-free set A a 
(a;'^“)"' if there is a g-bushy finite forest system R above A whose leaves lie in B. 
This is extended to all sets A as above. For k < n, B (o;'^'^)", a finite, prefix-free 
Ac (cu'^'^)" and an (n — A:)-tuple h of bounding functions we let 

n^{B) = {x G (domfc A)^ : B{t) is h-hig above A(x-^)} . 

Note that this notation is different from the one used in the previous section; 
however, if A is a singleton a then we revert to the old notation and write ^ {B) 

instead of tt^{B). A set B is g-big above A if and only tt® (B) is g (fc-big 
above A. The proof of this follows the proof of Lemma 3.7, using Lemma 4.6(2) 
(and the fact that every finite prefix-free set is a forest system above itself, and any 
forest system R above A is an end-extension of A). The proof gives the analogue 
of Remark 3.14: if B is g-big above A, T is a forest system and A,B<^T then a 
finite forest system S witnessing the largeness can be taken to be a subset of T. 

Remark 4.9. Let 1 ^ fc < m < n, let cr g /x g (w'^'^)"”™, g be 

an (m — fc)-tuple of bounding functions, and h and (n — m)-tuple of bounding 
functions. Let B c (w'^'^)”. Then 

x«(x;^(B))=x«:^(B). 

The big subset property holds for largeness over singletons, with the same proof 
as that of Lemma 3.8. 

For the weak concatenation property, we will straightaway work within tree 
systems. But first we discuss concatenations. Suppose that S' is a finite forest 
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system, that A is the set of leaves of S, and that i? is a forest system above A. 
Since S is finite, Al is the set of leaves of SI. We then define S'R by letting: 

• {S^R)i= Si^Ri; 

• For T e Si, not a leaf of SI, we let {S~R){t) = S{t); 

• For T G i?J, we let (S'"i?)(r) = S{T~^yR{T) = S{t^^) u R{t). 

Then S^R is an end-extension of S, whose leaves are the leaves of R. Also note that 
if S', i? c F for some forest system T then S~R c T. If both S and R are g-bushy 
then so is S'R. We thus get the restricted analogue of Lemma 3.10. From now we 
fix a forest system T. 

• Suppose that B is g-big above A, and that C is g-big above B. Then C is 
g-big above A. li A,B,C T then every forest system S ^ T witnessing 
that B is g-big above A has an end-extension R^T which witnesses that C 
is g-big above A. 

We get an analogue of Lemma 3.11. The notion of an open subset of T is as 
expected. 

Lemma 4.10. Let B he a finite family of subsets ofT which are open in T. Let A c 
T he finite and prefix-free. Suppose that each B e B is g-big above n T (recall 
that this means that it is g-big above every finite, prefix-free subset of n T). 
Then y\B is g-big above A. 

We can now prove the analogue of Lemma 3.12. 

Lemma 4.11. Let T be a forest system and let A,B^ T; suppose that B is open 
in T. Suppose that for all t g A^ nT, B is g-big above t. Then B is g-hig above A. 

Proof. By induction on the length of T. We may assume that A is finite and prefix- 
free. We need to show that C = Tr(f{B) is gi-big above A],. Let r g (A|.)^ n T],. 
We claim that C is g i-big above r (and then apply the induction hypothesis). 
Let (T = Then C n cr^ equals n/i€A(<T) assumption, each tt®" {B) 

is g|,-big above every tuple in cr^ ci T J,; we apply the analogue of Lemma 3.11 
mentioned above. □ 

Corollary 4.12. Let T be a tree system, let A,B,C c T, and suppose that C is 
open in T. Suppose that B is g-big above A, and that C is g-big above every tuple 
in B^ n T. Then C is g-big above A, and in fact every finite g-bushy forest system 
S T which witnesses that B is g-big above A has an end-extension R (x T which 
witnesses that C is g-big above A. 

As a corollary we get the analogue of Lemma 3.17: 

• If r is a bounded and balanced 6-bushy tree system above cr, and B cz T 
is open in T and b-small above cr, then for every m there is some t B T 
such that \Ti\ ^ TO for all i ^ ^(T), and above which B is 5-small. 

4.2. The notion of forcing and restriction maps. We let Hdnc" be the set of 

tuples T G such that either t|,g Sjjnc"-!, or g Sdnc^*, that is, if there 

is some e < |r„| such that r„(e) = J'^-*'(e). 

For brevity, for a tuple (T G we let |cr| = min {|(Ti| : i^n}. Whenatuple- 

length n is clear from the context, then for a function g we let g = {g,g,..., g). 
We let P„ be the set of tuples p = (o-p, TP, BP,/jP, 5^) satisfying: 

(1) TP is a computably bounded, computable, balanced tree system above ctP; 
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(2) /jP e Q and TP is hP-hushy, 

(3) BP c TP is c.e. and open in TP, and BP 3 BdnG" ci TP; 

(4) &P G Q and BP is bP-small above ctP; and 

(5) hP » bP and hP > foP above |<tP|. 

We define a partial ordering on P„ as follows. A condition q extends a condition p 
if crP (t‘ 1, is a subsystem of TP, BP n T'* c and h'^ ^ hP and b'^ ^ bP 
above 

The assignment of closed sets AP = [rP]\[i3P]^ for p G P„ is acceptable; the 
proof is identical to the proof of Lemma 3.19. 

If G c P„ is sufficiently generic then we denote the generic tuple (the element 
of the singleton above, every condition in P^ forces 

that is DNC relative to x^l. 

The restriction maps. For all n ^ 2, define in-^n ^ Pn-i by letting 
*n(q) = {cT^l,T^l,TT’^;.{B^),h^,b'^), 

where we have 

'!t^{B'^) = {t g : B^{t) is 5'*-big above a^}. 

It is routine to check that in(q) G P„_i for all q G P„. Inductively we define 
Q„ c P„: Qi = Pi, and Q„ is the set of conditions q G Q„ such that: 

• i„(q) G Q„_i; and 
. 7r^;^iB^) = {TGT^i: a^eB^ir)}. 

We again observe that for all q G Q„, A'ij,= the proof is the same as above. 

The proof that the restriction of in to is order-preserving is identical to that in 
the proof of Proposition 3.21. 

Lemma 4.13. There is a map P„ —> Q„ such that: 

(1) u„(q) sg q for all q G P„; and 

(2) in O ~ Pn—1 ^ 'In- 

In particular, Q„ is dense in P„. 

Proof. We omit the indices n and n — 1 from Vn etc.; they will be clear from 
the context. 

Let q G P„. For brevity we let G„ = B"^ and for k e {1,..., n — 1} we let 
Gfc = j Remark 4.9 says that ii k < m sSi n then Ck = j (C'm)- 

We define a tuple u(q) = {<j’^ ,T^, B''^'^\h^ ,b’^) by letting 

^!^(q) _ g jiq . xffe G Gfe for some k ^n} . 

The set is b'^-small above cr'i. For let D be the set of leaves of a b'^- 

bushy finite tree system S c T'* above cr^. Since Gi is 6'1-small above we find 
some Ti G (domi D)\Ci. Since Gi = 7r^q(G2), G 2 (t) is 6‘1-small above we find 

some T 2 such that (Ti,r 2 ) G (dom 2 ll)\G 2 ; and so on, we find some r G D\B''^'^\ 
We conclude that u(q) G P„ (and u(q) ^ q). 

Now ijdq) = G„_i; so _B‘^(dq)) is the set of tuples r g T'lJ, such that rf^G Ck 
for some k ^ n — 1. 

Let T G T'l. If x|,G _B‘^(dq)) then B''^'^\t) = T‘i(t), in particular cr^ G B'^^'^\t). 
Otherwise, = B^{t), and since in this case r ^ G„_i we see that B''^°^\t) 
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is 6'1-small above We conclude that ) = B''(*('i)) and so 

that i(iy(q)) = iy(i(q)). 

We also conclude that t e 7r^q ) if and only if e (r). By induction, 

i^(j(q)) e Q„_i, so i^(q) e Q„. □ 

Proposition 4.14. *«['({„ is a restriction map from Qn to Q„_i. 

Proof. It remains to show that if q e Q„ and p e Q„_i extends *n(q) then there is 
some r G extending q such that i„(r) p. By using the map Vn, h suffices to 
find r G P„. The proof is identical to that of Proposition 3.21. □ 

Lemma 4.15. 'iral'Q„ is onto Q^-i. 

Proof. Let p G Qn-i- We define q G such that ira(q) = p by letting, for 
(T G PP, T'i((t) = (/iP)^!'''!, and let i?'i(cr) = T'i(cr) if cr g i?P, otherwise i?‘i(cr) = 

.Bdnc'^- n 

Totality. 

Proposition 4.16. Let C c ( 0 ;“)" he II^ and let p G P„. //p Ih e C then p 
has an extension which strongly forces that G C . 

The proof is identical to the proof of Proposition 3.23. 

4.3. Minimality. Let P: ^ 2“ be a Turing functional. 

Definition 4.17. Let B c Two sets Ao,Ai c form a local P- 

splitting mod B if for all t g the sets Ao{t) and Ai{t) r(T, —)-split 

mod B{t). 

Definition 4.18. Let A a finite and prefix-free, and let S be a collection 

of subsets of We say that the sets in B are uniformly g-big above A if 

(^) is 9i-big above Al 

Lemma 4.19. Suppose that p G P„ strongly forces that r(a;‘^) is total, and forces 
that it is not computable from x^[. Let cr G PP; let g e Q such that h^ » g, and 
6P ^ ig and g ^ b^ above \(t\. Then there are sets Ao,Ai cz pP, uniformly g-big 
above cr, which locally T-split mod B^. 

Proof. Identical to the proof of Lemma 3.24. □ 

Lemma 4.20. Let g and h be n-tuples of bounding functions; let B c 
open. Suppose that: 

• A is Zg-big above cr; 

• Eq and El are uniformly 3g-big above A; and for all t G A, Eg n and 

El n locally P -split mod B; and 

• F is ih-big above cr* , and |r(p)| > |r(C)| for all p G F\B and all C 6 E\B, 
where E = Eq u Ei. 

Then there are E' c E, g-big above cr, and F' c F, h-big above cr* , which T-split 
mod B. 


Proof. Identical to the proof of Lemma 3.30. 


□ 
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Lemma 4.21. Suppose that p G P„ strongly forces that r(a;‘^) is total, and forces 
that it is not computable from x^l. Let fc G {0,1,...,n — 1}. Let C cz TP he finite 
and prefix-free. Let g ^ Q such that h^ » g, and h^ > g and g ^ above \cr\ 

for all cr e C . 

Then there is a set A cz , g-big above C , such that for all t g donifc A, the 
sets in the collection 

{yl(T) n (p,crPf(fc+i_„])^ : pGdomiA(x)} 
pairwise r(T, —)-split mod 

Proof. The notation for the case A: = 0 is slightly easier. In this case we closely 
follow the proof of Lemma 3.31. For simplicity of notation, for a set A c and 
some tuple r g dom^ TP (for some k < n) we let A n (r)'^ = A n (x, ctP [■ 

We prove the lemma by induction on \C\-, we let C* = C u by induction we 

are given A which is dl'^lg-big above C, and the sets A r^ (p)^ (for p G domi C) 
pairwise F-split mod . We list the elements cri, 0 - 2 ,..., cr^ of C such that 
((Tj)i 7 ^ a*. By reverse recursion on j ^ m we define sets Aj cz TP with Aj-i a 
and Am c cr^ a for all a e C. We ensure that Aj is 3^g-big above C* and that 
Aj-i n (T^ and Aj-i n cr* form a F-splitting mod B. 

We start with Am = A o {cr*}. Say we are given Aj, j > 0. For brevity 
let Dj = {Aj n For r G n we let Qt be the set of C e Dj^ r\ TPj, such 

that either: 

• C; or 

• in TP(C) there are Go and Gi, 3-^g-big above t„, which r(^, —)-split mod 
BP(C). 

Then Lemma 4.19 says that for all fi G n TPJ, the set Q^- is 3-^g-big above g. 
By Lemma 4.11, Q^. is 3^g-big above Df n TP],. By Lemma 4.10, nT 6 A ncr=« Q-r i® 

3-1 g-big above Dj. Thus, we can find Ej^ and Ejp, finite subsets of TP which are 
uniformly 3-^ g-big above Aj n cr^, which locally T-split mod B^. We obtain Fj as 
before. Applying Lemma 4.20 we finally get F- cz A^ n (cr*)^, 3^“^g-big above cr*, 
and Ej cz n cr^, 3^“^g-big above a-j, which F-split mod B^. 

In this proof we emply the following notation: for a set X cz (a;‘^‘^)"' and k ^ n 
we let Xk = domfe AT. To define a set X it suffices to first define Xp, then, for all 
Ti G Xi, define Ar 2 (Ti) (a set of strings); then, for all (xi, T 2 ) G X^, define Ar 3 (ri, T 2 ), 
and so on. 

We define the set Aj-i. First, we consider all cr G G* such that cti A cr*, (crj)i. 
For all such cr we let Aj-i n cr^ = Aj n cr^. We let Aj-i^i n (cr*)^ = {Fj)i and 
Aj-1,1 n ((di)!)^ = {E'j)i- 

Next, consider all cr g C* such that ai = cr*, but cr2 A cr|. For all ti g (Fj)i we 
let Aj_i(ri) n (cr|'(i „]) = Aj(T^ n (cr|'(i „]); this completely defines Aj-i ncr^. 
We similarly define Aj-i r, for cr g G* such that cti = (crj)i but 0-2 A (crj)2. 
Then, for all ti g (F')i we let Aj_i_ 2 (xi) = (Fj)(ri); this defines Aj_i_2 n (cr* ['2)’^, 
and similarly define Aj- 1^2 gi (cTj |' 2 )’^- Tbe process continues similarly until all 
of Aj-i is defined. 

The case fc > 0 is very similar. Morally it follows the idea of the proof of 
Lemma 3.27, extending bushily on the first k coordinates so that we can emulate 
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the proof of the case k = 0 (but with n — k replacing n) within the image. We give 
a sketch. Again we work by induction on |C|; we start with some C for which we 
inductively already have A as required; and add to C a tuple cr* to get C*. We 
now let the list cri, cr 2 , ■ ■ ■, cTm contain those elements cr e C such that (T\k= cr*\k 
but cTfc+i ¥= We start with Am = Au {<t*} and build sets Aj with the same 

properties as above. Given Aj we aim to find and Fj as above, except 

that we also require that dom^ Ej = dom^ Fj] this is possible because cr^ 1'^= cr* (fc: 
we first get Ej as above, and then extend domfc to domfcif, ; and “relabel” Ej 
by letting Ej{() = Ejij) for all C, e domF^ extending r e dornA^. Then we obtain 
E'j and F- but require that dom^ A' = douik F- = domif, ; we apply Lemma 4.20 
within T^{C) for each ^ G domF^. We then define Aj-i as above. □ 

Proposition 4.22. Every condition in Pji forces that deg'p(a;‘^) is a strong minimal 
cover of degj^{x^l). 

Proof. Let p G Pjj which strongly forces that r(a;‘^) is total, and forces that it is 
not computable from x'^[. Fix k e {0,1,..., n — 1}. Using Lemma 4.21 and the 
by now familiar construction we obtain an extension q of p which (strongly) forces 
that r(a;‘^) 0 {x'^ 1'^) Iterating for each k we obtain a condition which 

forces that r(a;®) ■ D 

5. Proof of the main theorem 

We prove Theorem 1.1. We have obtained directed sequence of forcing notions 



With each a restrction map. For m < n let = im+i o*m +2 o • • • oz„ (and 

of course let in-^n = idQ„). A composition of restriction maps is a restriction map, 
so each in-^m is a restriction map. 

As sets, the forcing notions Q„ are pairwise disjoint. Let = IJn'O"- We 

order Q<uj as follows: if p G Qji and q G Qm then q extends p if to ^ n and 

im^ni<l) p in Qn- Note that the ordering on each Q„ agrees with this ordering. 
For n < w let ordered as a sub-order of Q<aj- Define 

Q< 0 , Q^n by letting, for q G Q„, j<^^„(q) = q if to ^ n, and other¬ 
wise juj^niq) = im^n(q)- For TO > 71 let jm^n'■ Q^m ^ Qs:n be 

These maps are restriction maps and they commute: for n ^ m ^ a ^ tv, 

JoL—^n — Jm^n ^ 

Let G<uj ^ Q<cd be very generic. Let G^n be the filter in generated by 
the generic directed set juj^n[G<.uj\. By Lemma 4.15, each Qji is dense in Q,gn; so 
Gn = G-g„ n Q„ is a fairly generic filter of Q„; and im^n[Gm] ’A Gn- 

This gives us a sequence xi,X 2 t ■ ■ of elements of Baire space such that (cci,..., Xn) 
x'^^. By Proposition 4.22, each tuple (xi,...,x„) is a strong minimal cover of 

(Xi, . . . , Xn_i); and X„ G 
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